POISSON BOUNDARY OF GLd(Q) 



SARA BROFFERIO AND BRUNO SCHAPIRA 



Abstract. We construct the Poisson boundary for a random walk supported 
by the general linear group on the rational numbers as the product of flag man- 
ifolds over the p-adic fields. To this purpose, we prove a law of large numbers 
using the Oseledets' multiplicative ergodic theorem. The only assumption we 
need is some moment condition on the measure governing the jumps of the 
random walk, but no irreducibility hypothesis is made. 



1. Introduction 

The Poisson boundary of a group endowed with some measure /z, describes the 
asymptotic behavior of the random walk with step law /i. In the same time it gives 
a representation of bounded harmonic functions (see for instance [7j for a survey on 
this topic) . There are now many results on Poisson boundary of groups of matrices 
(see for instance [U [HI [lOl [HI [HI [201 [23] for some of the main results in this field, 
and [SjSl for some surveys). 

Here we consider more specifically groups of matrices with rational coefficients, 
which were already considered in our previous works [H [24] for subgroups of tri- 
angular matrices. The novelty in the rational case, in comparison with standard 
results on real matrices, is that to describe the Poisson boundary, one has now to 
consider all possible embeddings of the rational field in the p-adic fields, and the 
Poisson boundary is then a product of "local parts", one for each prime number p 
(see Theorem 11.11 below for a precise statement of our result) . This phenomenon 
was already observed in |ll] for the group of affine transformations with dyadic 
coefficients, and is very similar to some result proved in [2j in an adeHc setting. It 
should be noticed also that we do not need any hypothesis on the support of the 
measure /i. 

Denote by V* the set of prime numbers and let V — V* U {oo}. For p € V* , 
denote by Qp the field of p-adic numbers, and set by convention Qoo — 

If /i is a probability measure on GLd{Qp) with finite logarithmic moment, i.e. 

(ln+ I |.g| |p + ln+ I \g-^\ |p) dfi{g) < 

the associated Lyapunov exponents are the real numbers Xi{p) > ■ ■ ■ > Xd{p) such 
that 

^A.(p)= lim - [ ln||/\g||pdA.™(5), 

i=l 
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where /x*" denotes the n-fold convolution of /i and A the exterior product. Denote 
by Pp the paraboHc subgroup of GLd{Qp) consisting of matrices (pij) with pij — 0, 
when Xi{p) < Xjip), and let Bp := GLd{Qp)/ Pp be the associated flag manifold. 
The main result of this paper is the following: 

Theorem 1.1. Let fi be a probability measure on GLd{Q) such that 




Then there exists a unique probability measure v on the space 

such that (B,;/) is the Poisson boundary of (GLd(Q),/i). 

This theorem unifles and generalizes several results on Poisson boundary of ratio- 
nal matrices groups, known up to now. In particular, it has been proved separately 
by F. Ledrappier [20j and V. Kaimanovich [12] that the Poisson boundary of a ran- 
dom walk supported by SLdC^) is the real flag manifold -Boo- This results is con- 
tained in Theorem ll.ll because. in this case, for all p ^ oo, the associated Lyapunov 
exponents are all equal to zero, thus Bp is trivial. Furthermore since Theorem ll.il 
does not require any irreducibility condition, it also applies to the case of rational 
afflne group and to rational triangular matrices previously threaded by the authors 

[a El. 

We would like to remark that for general number flelds (i.e. flnite extensions 
of Q) a similar result can be proved by adapting our methods (see in [2l] hints to 
possible generalization). 

Due to its generality, our result does not say much about v and its support. In 
particular it is not true that the restriction of ly to each Bp has always full support. 
For instance if is supported on the subgroup of upper triangular matrices, we 
know [H m] that f charges only one Bruhat cell of each Bp. But even this is not 
optimal since fj, could be supported on diagonal matrices and with all Lyapunov 
exponents distinct, but in this case the Poisson boundary would be trivial (one 
point). However irreducibility hypothesis can give information on the support of fi. 
We have for instance the following triviality criterion: 

Corollary 1.1. Let p G V. If Xi{p) = \d{p), then the projection of v on Bp is 
trivial. 

Conversely, if the projection of v on Bp is trivial and no proper subspace of Qp 
is fixed by the support of pi, then \i{p) = Xd{p)- 

There exists several results in the literature to decide whether the real Lyapunov 
exponents are all equal Ai(oo) = A£;(oo). For instance, under irreducibility hypoth- 
esis this is equivalent to ask that the closed subgroup generated by fi in GLd{R) is 
amenable |Tl]. For other references and results on product of real random matrices, 
see also [3]. It seem very likely that similar results hold on p-adic setting. 

A different question that is still open is to understand the behavior of the measure 
v on the product of the p-flag manifolds, and not only of its projection on each Bp. 
For instance: does v charge the whole product or is it supported by some "diagonal" 
sub-set? Is there some sort of correlation among the different p-adic components? 
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The main tool of the proof of Theorem 1 1.1 1 is to produce, using the multiplicative 
ergodic theorem of Oseledets, a law of large numbers for random walks on GLd{Qp) 
(not necessarily with rational coefHcients, see Proposition 13. ip . Notice that such 
result on GLd{M.) or on the afHne group over Qp was already known (see [13] and 
[U respectively). The Lyapunov exponents give the speeds of convergence and the 
boundary Hmit of the random walk on Bp the directions. This is done in Section 
3, where we also use this result to prove that Bp and B are /i-boundaries. 

In Section 4, we use entropy criterion due to Kaimanovich to establish the max- 
imality of (B, i/) and prove the main theorem and its corollary. 

We notice that our strategy is very similar in spirit to that used by Karlsson and 
MarguHs in [18] in a slightly different setting. But here the proof is more direct, 
since we can use Oseledets theorem, and we do not need to identify the Poisson 
boundary with the geometric boundary of some non-positively curved metric space. 

The authors would like to thank Uri Bader for suggesting them the problem. 
They are also grateful to Frangois Ledrappier and Anders Karlsson for useful advices 
and references. 



2. Preliminaries 

2.1. General linear group over Qp. If K is a field, we denote by GLd(K) the 
group of invertible matrices of size d with coefficients in K. We denote by e the 
identity matrix. 

For p € P and v = {vi, . . . ,Vd) G Qp, we set 



\v\p = ma-x \vi\p, if p CO and Hoc ^ ^^\vt\l^, 
and if 5 £ GLd{Qp) we set 

WgWp = sup \gv\p. 

\v\p = l 

For any p &V and g, h E GLd{Qp) set 

dp{g,h) = ln+\\g-^h\\p + ln+\\h-^g\\p, 

where In"*" denotes the positive part of the function In. It is easily checked that dp is 
symmetric and satisfies the triangular inequality. It is not a distance since the set 
oi g G GLdiQp) such that dp{e,g) — is the compact subgroup of Hnear isometrics 
of Qp. Furthermore dp is left-invariant: 

dp{ig,lh) = dp{g,h), 

for all g, h, J e GLdiQp). 
For all g, he GLdiQ), let 

d{9,h) = ^dp{g,h). 
pev 

This define a left-invariant pseudometric on GLd{Q). 
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2.2. The flag manifold. For each p £V &x the sequence of Lyapunov exponents 
^lip) > ■ ■ ■ > Arf(p). The associated paraboUc sub-group is 

Pp - {iP^,J) e GLdiQp) I p,^j = if X,{p) < Xj{p)} . 

The flag manifold Bp := GLd{Qp)/Pp is then a compact separable GLd(Qp)-space. 

We mention that there is a one to one map between Bp and the space of flags, 
viewed as the set of imbedded sequences of sub-spaces of of fixed dimensions. 
In fact 

Bp = {{Vu...,Vr)\Vi<---<Vr = Q^p, dim(y,)=j, Vz < r} , 

where r is the number of distinct values taken by Ai(p), . . . , \d(p), and ji, . . . , jV 
are defined inductively by jr = d and ji-i — max{j < ji \ \j(p) > Aj;(p)}, for 
2 < i < r. To see the correspondence between Bp and this space of fiags, observe 
that GLd{Qp) acts transitively on the flags and that the parabolic subgroup Pp is 
the stabilizer of the element (E'l, . . . ,Er), where for all i, Ei is the vector space 
generated by the flrst ji vectors of the canonical basis. 
Let 

B := n Bp, 

pev 

equipped with the product topology. With the natural diagonal action, B is a 
compact separable GL(i(Q)-space. 

2.3. Random walk and /i-boundaries. Let /i be a probability measure on a 
locally compact separable group G. Let 

(f},P) (G, 

be the product of N independent copies of (G, /i) (here N is the set of strictly 
positive integers). If w = {wi,i > 1) G fi, the random walk is the process defined 
by 

Xn '■= wi . . .Wn Vn > 1 and xq := e. 
Observe that under P, for any fixed n, the law of Xn is /J.*", the rt-th convolution 
power of /i. 

Assume that i? is a compact separable space, endowed with a probability measure 
u and a continuous action of G. We say that v is ^-stationary (also known as /i- 
invariant or //-harmonic), if 

/i * 1/ := / {gv) dfj.{g) = v, 
Jg 

where for all g £ G, gy is defined by 

gv{f) = / figz) dv{z), 

Jb 

for all continuous functions /. In this case, according to Furstenberg [8l[9], we say 
that {B, v) is a ^-boundary if, P-almost surely Xni^ converges weakly to a Dirac 
measure. 

A /i-boundary {B, u) is naturally associated to a measurable function b = bs : 
V, ^ B defined by 

(1) lim Xniy = Sb/^). 

n— >+oo 

Then u is the image of P under b. 
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Denote by 9 the shift transformation on VL: \i w = {wi, i > 1) e $7, then 

{9w)i = Wi+i i > 1. 

The measure P is ^-invariant and it is easy to see that the function defined in ([1]) 
satisfies 

Wih{9w) = h{w). 

This property characterizes functions that arise from /i-boundaries, as follows from 
this known result (see for instance \TE\ \20\): 

Proposition 2.1. Let B be a compact separable G -space and let b : fl ^ B be a 

measurable map, such that P-a.s. we have wih{9w) — h{w). Let v be the law ofh. 
Then [B, v) is a ^-boundary. 

Proof. We give here a proof for sake of completeness. By using the invariance of P 
by 9 and the hypothesis on the map b we get for every continuous functions f on B 

HI) = [ f{h{w)) dP{w) 

= [ f{wih{9w)) dP{w) 

proving that f is /i-stationary. The hypothesis on b also shows that for any con- 
tinuous function /, the sequence 

Mn{w) := Xn ■ yU) n- > 1, 

is a bounded martingale. Thus this sequence converges a.s and in toward some 
limit, say v^{f). Since B is separable, this defines actually a random measure 
on B, which is the weak limit oi Xn • v , n > 1. Observe now that for all fc > 1, 

Moreover E[j^J^] — v. Observe also that the Dirac measure (5b(tu) has the same 
properties. As a consequence for any fc > 1, any Borel subsets Oi, . . . , Ofc C G and 

[/ C S, 

Pzy^[Oix---xOfexC/] = / i/:^(C/)l(u;i GOi,...,u;fe eOfe) dPH 

Jn 

= f wi...Wkiy'^'"iU)liwieOi,...,WkeOk) dF{w) 
Jn 

= [ i^iiwi . . . Wky^U)l{wi eOi,...,Wke Ok) dP{w). 
Jn 

For the same reason 

P'JbMiOi X ••• xOfc X [/] = / u{{wi...Wk)-^U)l{wieOi,...,WkeOk) dP{w). 

Jn 

Thus the two measures Pi^|!^ and P(5b(uj) defined on Q x B coincide on J^k ■= 
(j{wi, . . . , Wfe) V B, for all A: > 1, where B denotes the Borel sets of B. Since the 
filtration {Tk)k>Q generates the cr-algebra of x i? on which are defined these 
measures, they are equal, proving that i^™ is well a Dirac measure. This concludes 
the proof of the proposition. □ 
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2.4. Poisson boundary and asymptotic entropy. The Poisson boundary (B, i^) 
is defined as the maximal /i-boundary, i.e. it is the /z-boundary such that any other 
/x-boundary is one of its measurable G-equinvariant quotients. A classical problem 
is to decide weather a space, that is known to be a ^-boundary, is in fact the 
maximal one. 

For countable groups, there exists powerful techniques based on the estimation 
of the entropy introduced by Kaimanovich and Vershik |16j and Derrienic [6j and 
further developed by Kaimanovich (see [15] for details). Suppose that the measure 

has finite entropy: 

-^(^) ■= ^ X! ^(5) < 00. 

If {B, v) is a ^-boundary and 2; G -B, it is possible to define the law W oi w € VI 
conditioned by h{w) = z. Then for n > 0, denotes the law of a;„ under P^, i.e. 

P:(g) = P^(a;„ = g) = P(a;„ = g \ h{w) = z). 

The conditional asymptotic entropy is defined by 

lim '^^^^ F^-a.s. 

Then {B, v) is the Poisson boundary if, and only if, is equal to zero for j/- almost 
every z. 

3. Law of large numbers and /^-boundaries for GLd{Qp) 

In this section we can assume /i to be a probability measure on GLd{Qp), not 
necessarily supported on matrices with rational coefficients. We are going to show 
that, under first moment hypothesis, the random walk on GLd{Qp) satisfies a strong 
law of large numbers, in which the "speeds" of the drift are given by the Lyapunov 
exponents and the "directions" are given by an element of the associated fiag man- 
ifold Bp. This approach was introduced by V. Kaimanovich in flS] for semisimple 
Lie groups, as a group-geometrical version of the classical multipHcative ergodic 
theorem of Oseledets (see also [18] and [T7]1. 

Related to this result, we will see that Bp, endowed with the law of the "direc- 
tion", is a /i-boundary for the random walk. 

3.1. Oseledets' theorem and law of large numbers. If p = 00, let A„ = A„(c!o) 
be the diagonal matrix of GLd(M) with coefiicients 

(2) (A„)m - e"^'^°°^ Vz<d. 

If p G P*, let A„ = A„(p) be the diagonal matrix with coefficients 

(3) (A„),,, :=p i J \/i<d; 

where [•] is the integer part. In such a way, A„ has rational entries whose p-norms 
are close to the e"'*^'''')'s. 

Proposition 3.1. Assume that J dp{e,g) dii{g) < +00. Then there exists a mea- 
surable map 

h — hp : n ^ Bp, 
such that V-almost surely h{w) is the unique element of Bp such that 

(4) lim -dp{xn,bAn) ^0, 
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for any b in the class o/b(w). 



To prove this proposition we use the following lemma that translates Oseledets' 
Theorem in our setting: 



Lemma 3.1. 

map 



Assume that J dp(e,g) dii{g) < +00. Then there exists a measurable 
h — hp : n Bp, 



such that V-almost surely 
(5) 

for any b in the class ofh{w). 



lim — In ||a;,/6A„|L = 0, 



Proof. Let us first recall the multiplicative ergodic theorem, first proved by V.I. 
Oseledets [.21] for real matrices and generalized by M.S. Raghunathan [22j to ma- 
trices on local fields. It says that P-a.s. there exists a filtration of subspaces of QJ^, 



{0} = V°{w) cV^w) C ■■■ C V{w) 



I, such that 



(i) The map w V''{w) is measurable for all i < r. 

(ii) For all 1 < i < r, we have v € V''{w) \ V'^^^{'w) if, and only if, 

1 



.w^ v\\p = -Xj^ip), 



where r and ji, ■ ■ ■ , jr are defined as in section 12.21 

Suppose that p ^ 00 (the real case is treated analogously). Denote by (ei, . . . , Cd) 
the canonical basis of Q^. Consider a matrix b G GLd{Qp) such that for all i < r, 
b sends the family (ei, . . . , ej.) into a basis of V^{'w). Then b — [vi\ - ■ ■ \vd], where 
for all i < r, (wi, . . . , Vj-) is a basis of V^lw). Observe that 



X„^bAn 



Xn^Vip 



Xn^Vdp" 



Then 



c„^wfe|p ) < ||a;„^6A„|| < d niax 
Then, since w^^ . . .w^^ = x^^ , by (ii) 



max pL 

k=l,....d ' 



Inp I 



lim — In ||x~"'"6A„|L = 0. 

To conclude the proof, just observe that two matrices bi and 62 give two bases of 
the same filtration {Vi{w)}i if, and only if, b^^b2 is in the group Pp, thus such 
matrix b can be identified with an element oi Bp. □ 

Proof of Proposition ] 3. 1[ Let Xn — (w* )^^ • • • (wj^)^^ ~ (xn)^^ be the random 
walk of law Jl, image of /i under the map g 1-^ {g*)~^. Then the Lyapunov exponents 
associated to Ji are 

Ai = —Xd-i. 

Let A„ be the diagonal matrix constructed with the exponents Xi as in ([3]). For 
P-almost all w there exists ab £ GLd{Q_p) such that: 



lim - In ||a;^6A„||p 



0. 
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that transforms the basis (ei, . . . ,ed) in 



1 ••• 

the basis (e^, . . . , ei). Then 

|x*j6A„||p — Wxl^bss "'"A„s||p niiiLc ipiip — IP lip 

= ||a;*j6sA^"^||p since s~"^A„s = A^^ 
= ||A-i(6s)*a;„||p since ||(7*||p = Ugljp. 



Set 5= then 



Um — ln||A„"'"6 a;„|L = 0. 



We want to show now that if b is as in |(5]) then 6 and b are in the same class in 
Bp. To do this observe that 

(6) u e Pp 4=^ Um i In ||A~^uA„||p = lim - In ||A~^uA„|L < 0. 

n — * + cxD fi n — ^+oc ji 

This can be proved by direct calculations using the fact that max^^ \gi,j\p < \\g\\p < 
(fi maxij- \gi,j\p for all p G V. 
Then since 

In \\A-^VhAn\\p = In \\A-^r^Xr,x:^^bAn\\p < In \\A-^b~^Xn\\p + In \\x-'^bAJp, 

it follows immediately that b b & Pp. 
On the other hand 

l|A,T'6~'a:„||p||A-iuA„||;i < \\A-^u-W\n\\p < \\A-^u-^ An\\p\\A-W\n\\p. 
Then for every bi = bu with u in the group Pp, 

lim — In ||A^^6]^^a;„|L = 0. 

Thus for all 6 £ b(u;), 

lim -rfp(x„,6A„)= lim -[\n+ Wx^^bA^Wp + \n+ \\A-^b-^Xn\\p) = 

It just remains to see that the class h{w) is the unique such that Q holds. But 
if bi and 62 are two matrices such that ^ holds, then 

0= lim -dp{biAn,b2An) ^ lim -dp (e, A^^b]^^b2 An) , 

and using once more |(6]) we conclude. □ 

3.2. The spaces Bp and B are /i-boundaries. It is easily checked, using left- 
invariance of dp, that the function bp defined in Proposition 13.11 satisfies the hy- 
pothesis of Proposition 12.11 Then we immediately get 

Corollary 3.1. Let ^ be a probability measure on GLd{Qp)- Assume that J dp{e,g) dii{g) < 
+00, and let Vp be the law of hp. Then {Bp,Vp) is a ^-boundary. 

Let n be a probability measure on GLd{Q). Assume that j d{e, g) d^{g) < +00. 
Let b be the map from fl toM — Yip^-p defined by: 
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Let V he the law ofh. Then (B, j/) is a ^-boundary. 

4. POISSON BOUNDARY OF GLd{Q) 

To prove that B is the maximal /i-boundary, we use the following lemma, which 
is a generalization of the ray criterion of V. Kaimanovich ^5j, already impHcitly 
used in our previous works [4l[24]. 



Lemma 4.1. Let fi be a probability measure on a countable group G with finite 
entropy. Let {B, v) be a fi-boundary and b the associated boundary map. Suppose 
that for each n there exits a measurable map Cn from B to subsets of G such that: 

lim P(x„ e C„(b(w))) = 1 and lim — In |C„(z)| < (5 v{dz)- almost surely. 

n — > + oo n — >+oo 71 

Then < 5 for v -almost all z. 
Proof. Observe that 

F{x,, e G^{h{w))) = / [C„(z)] i^idz) ^ 1. 

Thus, along a sub-sequence, [C„(z)] converges to 1 for j/-almost all z. 

Recall that is the P^-almost sure limit of — lnP^(2;„)/n. Now for any e > 
consider the set 

A„{z) = {g e G \ -h' ~ e < lnP^(5)/n < -/i^+e}. 

Then P^(A„(z) n C„(z)) converges to 1 on a sub-sequence, while, for large n 

P^(A„(z) n C„(z)) < e"(^-''')|C„(z)| < e"(^-''')e"('^+'^). 

Thus S — + 2e > 0. Since e was arbitrarily chosen, we get < S. □ 

In order to apply this lemma in our setting we need to show that the gauge on 
GLd{Q) associated to the distance d grows at most exponentially: 

Lemma 4.2. For g e Gid(Q) and R>0, let 

B{g,R) = {/i e GLrf(Q) | d{g,h) < R}. 

Then there exits a constant C > such that for all g and R 

\B{g,R)\<Ce^^. 

Proof. First observe that since d(e, g~^h) — d{g, h), we have g^^B{g, R) — B{e, R). 
Thus two balls with the same radius have the same cardinality, and we can restrict 
us without loss of generality to the case g = e. 

Observe now that if h = (hij) G B{e, R) then for all couples of indices (i, j) 



In^ \hi,j\p < niaxln^ I'^ij'lp ^ '^(g, h) < R. 
pev p£V 

It can be shown (see for instance j4]) that there exists G' such that for all R 



g e Q I ^ ln+ \q\p < R 
pev 



The desired result follows. □ 
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Proof of Theorem \l.l[ First observe that, since has finite first moment with re- 
spect of to an exponentially growing gauge, it has finite entropy. 

For any p, consider the moment of the random walk with respect to dp-. 

nip = J dp{e,g) dn{g). 

Observe that X^peP ™p ~ IE(<i(e,wi)) < +00. Fix F a finite subset of V and set 
"iF<= = J2p£F'' "^p- -^y the law of large numbers, P-almost surely 

X]pe_F<: '^p(^n; ^) ^ Sfe=l X]peF<= '^p(^*:' X]fc=l X^nGF"^ '^p(^'s ' ^) 

— < = > mp"- 

n n n 

Fix e > and b — {hp)p(z-p G B, and set 
<^rf''(b) = S .9 e GLam \ dp{g, 5pA„(p)) < ne Vp e i^, ^ dp{g, e) < n [mp^ + e) 

I p^F" 



Then by Proposition 13.11 

P [x„ e C^^'iHw))] ^ 1. 

To apply Lemma 14.11 we need to control the cardinality of C^'^ . Suppose that 
C^'^(b) is nonempty and let 50 e C!^'^{h). Then for all g G C^'''(b), 

pev 

peF pev-F 
< 2n{\F\e + mp- + e) 

Thus 

-ln|C^^"(b)| < - \n\B{go,2n{\F\e + mp^ + e))\ < 2nC {\F\s + mp. + e) + —. 
n n n 

Thus for all finite F and all e > 0, 

< 2C{\F\e + mpa+e). 

Letting e go to zero and F grow to P (in such a way mpc goes to zero), it follows 
that h^' — and thus that (B, v) is the Poisson boundary. □ 

To conclude we prove our triviality criterion: 

Proof of Corollary It is immediate that if \i[p) — Xd{p) then Pp ~ GLd{Qp), 
thus Bp is trivial. 

Suppose now that the projection of v on Bp is trivial , but that Xi{p) > Xd{p)- 
In this case Bp is nontrivial and the projection of v on Bp is a dirac measure whose 
mass is concentrated in a point b G Bp that is fixed by the support of /i. Then the 
support of fi fixes all sub-spaces that compose the nontrivial fiag associated to b. 
This contradicts the fact that no proper subspace of is fixed by the support of 
/i. □ 



POISSON BOUNDARY OF Gid(Q) 



11 



References 

[1] Azencott R.: Espaces de Poisson des groupes localement compacts, (French) Lecture Notes 

in Mathematics, Vol. 148. Springer- Verlag, Berlin-New York, (1970), ix+141 pp. 
[2] Bader U., Shalom Y.: Factor and normal subgroup theorems for lattices in products of 

groups, Invent. Math. 163, (2006), 415-454. 
[3] Bougerol P., Lacroix J.: Products of random matrices with applications to Schrddinger 

operators. Progress in Probability and Statistics, 8. Birkhauser Boston, Inc., Boston, MA, 

(1985), xii+283 pp. 

[4] Brofferio S.: The Poisson Boundary of random rational affinities, Ann. Inst. Fourier 56, 
(2006), 499-515. 

[5] Cartwright D. I., Kaimanovich V. A., Woess W.: Random walks on the afjine group 

of local fields and of homogeneous trees, Ann. Inst. Fourier 44 (1994), 1243-1288. 
[6] Derriennic Y.: Entropie, theoremes limite et marches aleatoires, in Probability measures 

on groups VIII (Oberwolfach, 1985), LXM 1210, pp. 241-284, Springer, Berlin, (1986). 
[7] Furman A.: Random walks on groups and random transformations. Handbook of dynamical 

systems, vol. lA, pp. 931-1014, Amsterdam: North-Holland (2002). 
[8] Furstenberg H.: A Poisson formula for semi-simple Lie groups, Ann. of Math. 77 (1963), 

335-386. 

[9] Furstenberg H.: Boundary theory and stochastic processes on homogeneous spaces, in 
Harmonic analysis on homogeneous spaces (Proc. Sympos. Pure Math., Vol. XXVI, Williams 
Coll., Williamstown, Mass., 1972), p. 193-229, Amer. Math. Soc, Providence, R.I., (1973). 

[10] Guivarc'h Y., Raugi A.: Frontiere de Furstenberg, propretes de contraction et thoremes 
de convergence, (French) Z. Wahrsch. Verw. Gebiete 69, (1985), 187-242. 

[11] Guivarc'h Y.: Theoremes quotients pour les marches aleatoires, Conference on Random 
Walks (Kleebach, 1979) (French), Soc. Math. France, (1980), 15-28. 

]12] Kaimanovich V. A.: An entropy condition for maximality of the boundary of random 
walks on discrete groups, Soviet Math. Dokl. 31, (1985), 193-197. 

[13] Kaimanovich V. A.: Lyapunov exponents, symmetric spaces and a multiplicative ergodic 
theorem for semisimple Lie groups, Zap. Nauchn. Sem. Leningrad. Otdel. Mat. Inst. Steklov. 
(LOMI) 164 (1987), Differentsialnaya Geom. Gruppy Li i Mekh. IX, 29-46, 196-197; trans- 
lation in J. Soviet Math. 47 (1989), no. 2, 2387-2398. 

[14] Kaimanovich V. A.: Poisson boundaries of random walks on discrete solvable groups. 
Probability measures on groups, X (Oberwolfach, 1990), 205-238, Plenum, New York, (1991). 

Jl5] Kaimanovich V. A.: The Poisson formula for groups with hyperbolic properties, Ann. of 
Math. (2) 152, (2000), 659-692. 

Jl6] Kaimanovich V. A., Vershik A. M.: Random walks on discrete groups: boundary and 
entropy, Ann. Probab. 11, (1983), 457-490. 

Jl7] Karlsson A., Ledrappier F.: On laws of large numbers for random walks, Ann. Probab. 
34, (2006), 169,3-1706. 

[18] Karlsson A., Margulis G. A.: A multiplicative ergodic theorem and nonpositively curved 

spaces, Comm. Math. Phys. 208, (1999), 107-123. 
[19] Ledrappier F.: Quelques proprietes des exposants caracteristiques, Ecole d'ete de proba- 

bilites de Saint-Flour, XII— 1982, 305-396, Lecture Notes in Math. 1097, Springer, Berlin, 

(1984). 

[20[ Ledrappier F.: Poisson boundaries of discrete groups of matrices, Israel J. Math. 50, (1985), 
319-336. 

[21[ Oseledets V.I.: A multiplicative ergodic theorem. Lyapunov characteristic numbers for 
dynamical systems. Trans. Moscow Math. Soc. 19(1968), 197-231. Moscov. Mat. Obsch. 
19(1968), 179-210. 

[22[ Raghunathan M. S.: A proof of Oseledec's multiplicative ergodic theorem, Israel J. Math. 

32, (1979), 356-362. 

[23[ Raugi A.: Fonctions harmoniques sur les groupes localement compacts d base denombrable. 

Bull. Soc. Math. France Mem. No. 54, (1977), 5-118. 
[24[ Schapira Br: The Poisson boundary of triangular matrices in a number field, to appear in 

Ann. Inst. Fourier 59, (2009). 



POISSON BOUNDARY OF GLd(Q) 



12 



Departement de Mathematiques, Bat. 425, Universite Paris-Sud 11, F-91405 Orsay, 
CEDEX, France. 

E-mail address: sara.brofferioamath.u-psud.fr 
E-mail address: bruno.schapiraSmath.u-psud.fr 



